Abstract. It is proved that the profinite completion of the mapping class group M od (g, n) of a surface of genus g with n boundary components is isomorphic to such of the arithmetic group GL 6g−6+2n (Z). We establish a relation between the normal subgroups of M od (g, n) and the absolute Galois group G K of a number field K. Using the Tits alternative, we prove the Shafarevich Conjecture saying that the group G Q ab of the maximal abelian extension of the field of rationals is isomorphic to a free profinite group.
Introduction
The mapping class group M od (g, n) of an orientable surface X of genus g ≥ 0 with n ≥ 0 boundary components is defined as a group of isotopy classes of the orientation and boundary-preserving diffeomorphisms of X. Since M od (1, 0) ∼ = SL 2 (Z) is an arithmetic group, one can ask if M od (g, n) is always arithmetic. It is proven to be false by [Ivanov 1988 ] [7, Theorem 1] . Roughly speaking, the reason is the normal infinite index Torelli subgroup of M od (g, n). Such a subgroup cannot exist by the Margulis Rigidity Theorem, which says that each normal subgroup of the arithmetic group must have a finite index. Despite being non-arithmetic itself, the M od (g, n) can be embedded into the arithmetic group GL 6g−6+2n (Z) (Theorem 2.2). We refer the reader to [Harvey 1979 ] [6, Section 6] for a survey of the arithmetic properties of M od (g, n).
Recall that a profinite group G is a topological group defined by the inverse limit
Likewise, let K be a category of the Galois extensions of the field Q, where the arrows of K are isomorphisms between such extensions. Consider a map F g,n acting by the formula N → N / Z ∼ = G K , where N ∈ N g,n and K ∈ K .
1 Theorem 1.2. The map F g,n : N g,n → K is an injective functor, unless N, N ′ ∈ N g,n are a Grothendieck pair. Moreover, for every finite index normal subgroup N ′ ⊆ N , there exists an intermediate field
Recall that the Tits alternative for the mapping class group says that every subgroup N ⊆ M od (g, n) contains either (i) an abelian subgroup of finite index or (ii) a non-abelian free group [McCarthy 1985 ] [9] . One gets from theorem 1.2 an analog of the Tits alternative for the absolute Galois group G K .
Corollary 1.3. (Tits alternative for
(i) either a free abelian profinite group Z r of rank r ≤ 3g − 3 + n,
(ii) or a free non-abelian profinite group F r of rank r ≥ 2.
Let F ∞ be a free non-abelian group of countable rank. Let Q ab be the maximal abelian extension of the field Q, i.e. an extension of Q by all roots of unity (a cyclotomic extension). We use case (ii) of the Tits alternative 1.3 to prove the following conjecture of I. R. Shafarevich.
The article is organized as follows. The preliminary facts and notation are introduced in Section 2. The map F g,n is constructed in Section 3. The results 1.1-1.4 are proved in Section 4.
Preliminaries
This section is a brief review of the mapping class groups, profinite groups, the Grothendieck pairs and the absolute Galois group of a number field. We refer the reader to [Farb & Margalit 2011] [4] and [Ribes & Zalesskii 2010] [13] , [Platonov & Tavgen 1986] [12] and [Bridson & Grunewald 2004] [3] for a detailed account.
2.1. Mapping class group. Let X be an orientable surface of genus g ≥ 0 with n ≥ 0 boundary components. The mapping class group M od (g, n) is defined as the group of isotopy classes of the orientation and boundary-preserving diffeomorphisms of X. Since M od (1, 0) ∼ = SL 2 (Z), one can think of M od (g, n) as an extension of the modular group to the higher genus surfaces. The group M od (g, n) is prominent in geometric topology, complex analysis and algebraic geometry. A link to number theory has been established in [Grothendieck 1997 ] [5] .
2.1.1. Dehn twists. Let γ ⊂ X is a simple closed curve and A = S 1 × [0, 1] is the annular neighborhood of γ. The map T γ : A → A given by the formula (θ, t) −→ (θ + 2πt, t), θ ∈ S 1 , t ∈ [0, 1], is called the Dehn twist around γ. It is easy to see, that T γ is an infinite order element of the group M od (g, n). g, n) . The Dehn twist T γ is a generator of the abelian subgroup of M od (g, n). Since there are at most 3g − 3 + n distinct simple closed curves on X, the rank of the corresponding subgroup
of the pseudo-Anosov diffeomorphisms ϕ i with the pairwise distinct measured foliations
satisfies the Tits alternative:
(i) either G contains an abelian subgroup of finite index, (ii) or G contains a non-abelian free group.
Linear representation of M od (g, n).

Theorem 2.2. There exists an embedding of
Proof. The proof is an adaption of the argument of [11] to the surfaces with n boundary components.
Profinite groups.
Let C be a non-empty class of finite groups. A pro-C group G is an inverse limit G := lim ← − G i (2.1) of surjective inverse system of groups G i ∈ C , where each G i is endowed with the discrete topology. The pro-C group G is a topological group in the product topology G i . Such a group is compact and totally disconnected.
In what follows, we let C be a class of finite groups. In this case, G is called a profinite group. If G is a discrete group, one can define G i = G/N i , where N i ranges through the normal subgroups of G of finite index. It is easy to see, that formulas (1.1) and (2.1) are equivalent.
2.3. Grothendieck pairs. Let G 1 and G 2 be discrete groups, such that
In this case, their profinite completions are isomorphic, i.e. G 1 ∼ = G 2 . The groups G 1 and G 2 are called Grothendieck rigid when the converse is true, i.e.
Not all discrete groups are Grothendieck rigid and an inclusion of groups
2.4. Absolute Galois group. Let K be a number field. Suppose thatK is the separable algebraic closure of K, i.e. the union of all separable extensions of K. By the absolute Galois group
we understand the group of automorphisms ofK fixing the field K. The G K is a profinite group (2.1) with
2.4.1. Rigidity of G K . The number field K is defined up to an isomorphism by the group
2.4.2. Shafarevich conjecture. Let F ∞ be a free non-abelian group of countable rank. Let Q ab be the maximal abelian extension of the field Q, i.e. an extension of Q by all roots of unity (a cyclotomic extension). The Shafarevich conjecture asserts that:
Let K be a number field and letK be its algebraic closure. Denote by G K := Gal (K|K) the absolute Galois group of the field K.
3.1. Short exact sequence for G K . Fix an embeddingK ⊂ C and consider a natural inclusion of the algebraic groups GL 6g−6+2n (K) ֒→ GL 6g−6+2n (C). Let
be a short exact sequence of theétale fundamental groups corresponding to the map
, where π 1 (GL 6g−6+2n (C)) is the usual fundamental of the variety GL 6g−6+2n (C). Since π 1 (GL 6g−6+2n (C)) ∼ = Z, one gets an isomorphism:
Since GL 6g−6+2n (K) is an algebraic group, we have an isomorphism:
Altogether, the exact sequence (3.1) can be written in the form:
1 is a contravariant functor. Thererefore the map GL 6g−6+2n (Z) ֒→ GL 6g−6+2n (K) defines an inclusion of theétale fundamental groups:
On the other hand, we have:
Therefore inclusion (3.5) can be written in the form:
But theorem 1.1 says that GL 6g−6+2n (Z) ∼ = M od (g, n). Thus (3.7) defines an inclusion of the profinite groups:
is the profinite completion of a normal subgroup N of the mapping class group M od (g, n). We conclude from (3.8) that there exists an N M od (g, n), such that
Using (3.9) we can write the exact sequence (3.4) in the form:
One gets from (3.10) the required isomorphism:
In view of the rigidity of G K (Section 2.4.1), the isomorphism (3.11) defines a map F g,n from the category N g,n to the category K .
Remark 3.1. Notice that (3.8) is an isomorphism GL 6g−6+2n (K) ∼ = M od (g, n) if and only if K ∼ = Q. It follows from (3.4) , that the short exact sequence (3.10) in this case corresponds to N ∼ = M od (g, n) and can be written in the form: Observe that M od (g, n) cannot be a normal subgroup of GL 6g−6+2n (Z), since in this case the Margulis Rigidity Theorem implies that M od (g, n) is an arithmetic group. We prove that M od (g, n) is a Zariski dense infinite index subgroup of GL 6g−6+2n (Z). Following [Venkataramana 1987 ] [14, Proposition 2.1], we conclude that there exists an integer m > 0, such that 
The required isomorphism M od (g, n) ∼ = GL 6g−6+2n (Z) follows from (4.2) and formula (1.1). We pass to a detailed argument by splitting the proof in a series of lemmas.
Lemma 4.1. The mapping class group M od (g, n) is a Zariski dense infinite index subgroup of the arithmetic group GL 6g−6+2n (Z).
Proof. (i) Let us show that M od (g, n)
is an infinite index subgroup of GL 6g−6+2n (Z). Assume to the contrary, that M od (g, n) has a finite index. In view of the Congruence Subgroup Theorem [Bass, Lazard & Serre 1964] [1], M od (g, n) must be a congruence subgroup of the group GL 6g−6+2n (Z). In particular, M od (g, n) is an arithmetic group. But this is impossible, since it contains the Torelli group, which is known to be an infinite index normal subgroup of the M od (g, n). The latter contradicts the Margulis Rigidity, see Section 1. Thus the index [GL 6g−6+2n (Z) :
(ii) Let us show that M od (g, n) is a Zariski dense subgroup of GL 6g−6+2n (Z). Indeed, recall that the Tits alternative says that GL 6g−6+2n (Z) contains a Zariski open solvable subgroup or a Zariski dense free subgroup of finite rank [Breuillard & Gelander 2007 ] [2, Theorem 1.1]. But M od (g, n) contains a free subgroup F r of finite rank, see item (ii) of Theorem 2.1. Thus F r is Zariski dense in GL 6g−6+2n (Z). We conclude that the mapping class group M od (g, n) ⊃ F r is also Zariski dense in the arithmetic group GL 6g−6+2n (Z).
Lemma 4.2. ([Venkataramana 1987] [14])
For an integer m > 0 there exists a principal congruence subgroup GL 6g−6+2n (mZ)
Proof. The proof is an adaption of the argument of [Venkataramana 1987 ] [14, Proposition 1.4] to the case of the Zariski dense subgroup M od (g, n) of the linear algebraic group GL 6g−6+2n (Z). The details are left to the reader.
Proof. (i) The inclusion M od m (g, n) ⊆ GL 6g−6+2n (mZ) is obvious, since it follows from the inclusion M od (g, n) ⊂ GL 6g−6+2n (Z) being restricted to the principal congruence subgroup GL 6g−6+2n (mZ).
(ii) Let us show that M od m (g, n) ⊂ GL 6g−6+2n (mZ). Indeed, let us assume to the contrary that M od m (g, n)
It is easy to see, that M od m (g, n) is the maximal subgroup of M od (g, n) of given index. Since the index depends only on the integer m, one concludes that condition M od m (g, n) ⊂ GL 6g−6+2n (mZ) contradicts the maximum principle. Therefore one gets the non-inclusion condition M od m (g, n) ⊂ GL 6g−6+2n (mZ).
Lemma 4.3 follows from items (i) and (ii).
Proof. It follows from lemma 4.3 that
In other words, the inductive limits (1.1)
coincide everywhere, except for a finite number of normal finite index subgroups N i and N j . But such a relation means that the corresponding profinite groups are homeomorphic, i.e. M od (g, n) ∼ = GL 6g−6+2n (Z). Proof. (i) To prove that the map F g,n : N → G K ∼ = N / Z is a functor, we recall that the Galois groups
In this case, we have
In other words, the functor F g,n is injective everywhere except for the Grothendieck pairs.
(iii) Finally, let us prove the isomorphism (1.2). Let K ∈ K and denote by K ′ a Galois extension of K, such that
Using the results of [Krull 1928 ] [8] , we conclude that there exists a closed finite index normal subgroup G K ′ of the group G K , such that 6) where G K ′ is the absolute Galois group of the number field K ′ . From (3.10) we get
where
where N ′ is a finite index normal subgroup of N . Since G K ′ ⊆ G K , the groups N and N ′ are not a Grothendieck pair, unless N ′ ∼ = N . Therefore one gets from (3.10):
We can substitute (4.7) and (4.8) into the formula (4.6):
But N/N ′ is a finite group and therefore N/N ′ ∼ = N/N ′ . Thus formulas (4.9) imply that Denote by K and K ′ the number fields, such that K = F g,n (N ) and K ′ = F g,n (N ′ ). Since N ′ N , theorem 1.2 says that:
To calculate the absolute Galois group G K ′ , we must consider the following alternative cases.
(i) Let N ′ be a free abelian group of the rank r ≤ 3g−3+n. It is well known, that each finite index subgroup N ′′ N ′ can be found from the short exact sequence: 12) where the integers (k 1 |k 2 . . . |k r ) are defined by the Smith normal form of the matrix A ∈ GL r (Z). In particular, if
is an extension of the field K ′ corresponding to the subgroup N ′′ N ′ , then formula (4.10) implies that
In other words, the absolute Galois group G K ′ is a profinite completion of the free abelian group Z r , i.e.
(4.14)
(ii) Let N ′ be a free non-abelian group, i.e. N In other words, the absolute Galois group G K ′ is a profinite completion of the free group F r ′ of rank r ′ , i.e. Proof. The Shafarevich conjecture can be derived from following lemma.
Lemma 4.5. The mapping class group of every orientable surface X of genus g with n boundary components contains a free non-abelian subgroup of countable rank, i.e. F ∞ ⊂ M od (g, n). 
